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ABSTRACT
We demonstrate enhanced conversion eciency (CE) and parametric amplication of optical pulses via quasi-
phase-matched four-wave-mixing (FWM) in long-period Bragg waveguides made of silicon. Our study is based
on a rigorous theoretical model that describes optical pulse dynamics in a periodically, adiabatically modulated
silicon photonic waveguide and a comprehensive set of numerical simulations of pulse interaction in such grat-
ings. More specically, our theoretical model takes into account all of the relevant linear and nonlinear optical
eects, including free-carriers generation, two-photon absorption, and self-phase modulation, as well as modal
frequency dispersion up to the fourth-order. Due to its relevance to practical applications, a key issue investi-
gated in our work is the dependence of the eciency of the FWM process on the waveguide parameters and the
operating wavelength. In particular, our analysis suggests that by varying the waveguide width by just a few
tens of nanometers the wavelengths of the phase-matched waves can be shifted by hundreds of nanometers. Our
numerical simulations show also that, in the anomalous group-velocity dispersion regime, a CE enhancement of
more than 20 dB, as compared to the case of a waveguide with constant width, can be easily achieved.
Keywords: Nonlinear optics, four-wave-mixing, wavelength conversion, Bragg waveguides.
1. INTRODUCTION
Four-wave-mixing (FWM) has attracted signicant research interest, primarily due to its use in many appli-
cations in optics and photonics, including optical amplication, all-optical signal processing, and wavelength
multiplexing. In a generic FWM process a pair of photons at two pump frequencies, !p1 and !p2, combine and
generate two photons at signal and idler frequencies, !s and !i, respectively. When the frequencies of the two
pumps are equal, !p1 = !p2  !p, this process is called degenerate FWM. In the case of optical devices with
large cubic nonlinearity, such as silicon wire waveguides, FWM can become particularly strong, allowing for
ecient transfer of information between the signal and idler frequencies or parametric amplication of optical
signals. Driven by these appealing applications, FWM has been studied extensively in a multitude of opti-
cal guiding systems, including nonlinear optical bers,1,2 photonic crystal bers,3,4 and more recently silicon
photonic wires.5,6, 7, 8, 9, 10,11 This latter class of nonlinear photonic devices is particularly suitable for bringing
FWM based applications to chip-scale integration level, both due to the strong eld connement allowed by
sub-micron silicon photonic nanowires (Si-PNWs),12,13 as well as the large third-order nonlinear susceptibility
of silicon. It is chiey for these reasons that key functionalities based on FWM in nonlinear photonic devices
have already been implemented on a silicon platform, including optical parametric ampliers,14,15 broadband
frequency converters,16,17,18 sources of quantum-correlated photon pairs,19 and optical signal regenerators.20
The parameter that aects the most the eciency of FWM is the wave vector mismatch, , dened as
the dierence between the wave vectors of the generated and annihilated photons involved in the parametric
process. For waveguides with transverse size much larger than the operating wavelength, such as optical bers,
the wave vector mismatch depends mainly on the intrinsic optical constants of the medium and, consequently,
it can be dicult to achieve the optimum operational regime of zero phase-mismatch. To alleviate this problem,
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techniques based on mode matching or nonlinearly induced phase shifts have been introduced, at the cost of
increased device complexity and reduced parameter space in which the device can be eciently operated. Another
possible solution is to use microstructured bers whose modal propagation constant is strongly dependent on
the device geometry, such as photonic crystal bers. While such waveguides provide increased exibility for
tailoring the operating conditions, their potential for being used in chip-scale photonic circuits is rather limited.
By contrast, due to their ultrasmall size and strong dependence of the optical modes on the geometrical and
material parameters, Si-PNWs oer a convenient route towards ecient, broadly engineered phase-matched
FWM processes implemented in nonlinear devices with ultrasmall footprint. In this context, recently it has been
demonstrated that an additional degree of freedom can be introduced in the design of a phase-matched FWM
process by simply allowing for the waveguide cross-section to vary periodically along the waveguide.21 This
quasi-phase-match (QPM) technique can be used to compensate any residual wave vector mismatch and thus to
achieve ecient FWM. While this QPM FWM technique has already been demonstrated in the continuous wave
regime,21 a pulsed operation of the device raises additional challenges. To be more specic, the FWM interaction
can not be phase-matched across the entire spectrum of the co-propagating pulses. Moreover, the inherent group
delay dispersion can potentially lead to additional degradation of the FWM eciency.
In this article, we provide a comprehensive analysis of degenerate QPM FWM in pulsed regime, in the case
when the pump propagates in the anomalous group-velocity dispersion (GVD) regime. The theoretical model
on which our analysis of pulse dynamics is based is introduced in Sec. 2, whereas in Sec. 3 we briey discuss the
frequency dispersion and geometry dependence of the linear and nonlinear parameters of Si-PNWs considered
in this work. In Sec. 4 we introduce two methods which can be used to determine the wavelengths at which the
FWM process is quasi-phase-matched and compare the predictions of these two methods. Section 5 is devoted
to a detailed analysis of FWM of optical pulses in uniform and Bragg waveguides, namely we investigate the
dependence of the FWM gain and conversion eciency (CE) on the waveguide and pulse parameters. Finally,
in the last section, we summarize the main conclusions of our work.
2. THEORETICAL MODEL FOR OPTICAL PULSE PROPAGATION IN SILICON
WAVEGUIDES WITH VARYING CROSS-SECTION
Our study of pulsed QPM FWM in Si-PNWs employs a rigorous theoretical model, which takes into account the
main linear and nonlinear phenomena that determine the pulse evolution. More specically, we solve numerically
a nonlinear dierential equation which incorporates modal dispersive eects up to the fourth-order, self-phase
modulation (SPM), two-photon absorption (TPA) and pulse self-steepening. Including all these eects allows
one to describe the propagation of pulses as short as a few hundred femtoseconds. The equation describing the
optical eld dynamics is coupled with a standard rate equation that governs the time dependence of the free-
carriers (FCs) density. This system of coupled nonlinear partial dierential equation can be written as:9,13,22,23
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where u(z; t) is the pulse envelope, measured in
p
W , N(z; t) is the FC density, t and z are the time and distance
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n is the nth order dispersion parameter dened as n(z) = d
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represents the overlap between the optical mode and the active area of the waveguide, vg(z) = 1=1(z) is the
group-velocity, nfc(z) and fc(z) are the FC-induced index change and FC losses, respectively, and are calculated
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me = 0:26m0 (m

h = 0:39m0) is the eective mass of the electrons (holes), with m0 the mass of the electron,
and e = 850 cm
2/(V s) [h = 210 cm
2/(V s)] is the electron (hole) mobility. The eective waveguide nonlinear
coecient, , is dened as (z) = 3! (z)=40A(z)v
2
g(z) and the shock time scale is (z) = @ ln (z)=@!. In our
calculations we use a relaxation time, tc = 1ns, which is much larger than the width of the pulses. Finally, A(z)
and  (z) are the cross-sectional area and the eective third-order susceptibility of the waveguide, respectively.
Here, we use the notations z0 and z00 for the real and imaginary parts of the complex number z, respectively.
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3. OPTICAL PROPERTIES OF SILICON PHOTONIC WIRE WAVEGUIDES
The guiding device considered in this article is a silicon core with constant height, h = 250 nm, and periodically
modulated width, w(z), buried in silica oxide. The z-dependence of the width follows a sinusiodal dependence,
described by w(z) = w0 + w sin(2z=), where w0, w, and  are the average waveguide width, amplitude
of the width modulation, and its period, respectively [see Fig. 1(a)]. As illustrated in Fig. 1(a), we consider the
case of degenerate FWM, although a second pump pulse can readily be included in our analysis. The interaction
between the co-propagating pulses is chiey aected by the waveguide dispersive properties and its nonlinear
coecients, which in turn can be determined from the mode propagation constant and the eld distribution of
the optical mode. The specic computational procedure used to determine the waveguide parameters and their
z-dependence has been described in detail in our previous works.21,23
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Figure 1. a) Schematics showing a periodically, width-modulated silicon nanowire. b), c), and d) show the dispersion
maps of 1, 2, and 4, respectively.
The dispersion properties of Si-PNWs are strongly dependent on both the operating wavelength and the
width of the silicon nanowire, as it is clearly illustrated in Fig. 1, and it is this property that allows one to
easily tune the working regime and eciency of FWM in such photonic nanodevices. The dispersion map of
the GVD coecient, presented in Fig. 1(c), shows that by tuning the pump wavelength or waveguide width one
can easily switch the nature of pulse propagation from the normal dispersion regime (2 > 0) to anomalous
dispersion (2 < 0). For small width, w  887 nm, and wavelengths,   2:187µm, the GVD coecient 2 can
have large (in absolute value) negative values. The normal and anomalous dispersion domains are separated by a
zero-dispersion curve, depicted in Fig. 1(c) by a black line. Note that the eciency of FWM depends only on the
even terms in the Taylor series expansion of (!), and therefore close to the zero-dispersion curve the eect of
the fourth-order dispersion coecient, 4, shown in Fig. 1(d), must be taken into account. Equally important in
the context of pulsed FWM is the dispersion of the group velocity coecient, 1, which is presented in Fig. 1(b).
Thus, for an ecient FWM one needs to maximize the duration over which the pulses overlap, which can be
achieved by tuning the frequencies of the co-propagating pulses such that the corresponding group delay is small.
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Figure 2. Dispersion maps of a) SPM coecient, 0, and b) TPA coecient, 00.
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In the presence of the waveguide nonlinearity the mode propagation constant experiences a nonlinear shift,
which is proportional to the nonlinear coecient, 0, and thus the wave vector mismatch becomes dependent
on the peak power of the interacting pulses. In turn, the pulse power is aected by the TPA coecient, 00.
This suggests that a full description of the nonlinear properties of the waveguide is a prerequisite to achieving
a complete characterization of FWM. To this end, the dispersion maps of both the real and imaginary parts of
the waveguide nonlinear coecient are presented in Fig. 2. Note that these coecients are strongly dependent
on the waveguide width and wavelength, increasing as the width and wavelength decrease.
4. SPECTRAL DIAGRAMS OF DEGENERATE QPM FWM PROCESSES
The wavelengths of the optical pulses participating in a QPM FWM process can be readily determined from the
relations expressing the energy and momentum (wave vector) conservation. For the case of degenerate FWM,
the energy conservation is expressed as 2!p = !s + !i, whereas the momentum conservation relation can be
written as jj  j2p  s  ij = Kg. Here, Kg = 2= is the grating wave vector and p;s;i are the nonlinear
wave vectors of the interacting pulses. In a usual experimental setup the nonlinear shift of the wave vectors of
the signal and idler are negligible, so that s;i  s;i, and p = p   0Pp, where Pp is the pump peak power.
Under these conditions, the phase-matching condition can be written as:
j2(p   0Pp)  s   i)j = 2

: (2)
Note that in this equation all width-dependent quantities are evaluated at w = w0. If ! = !s !p = !p !i is
small compared to !p, Eq. (2) can be brought to a form that makes it more suitable for nding the wavelengths
of the quasi-phase-matched pulses by expanding in Taylor series the wave vectors p;s;i(!), around the pump
frequency, !p. Keeping the terms up to the fourth-order, Eq. (2) becomes:20Pp + 2;p!2 + 1124;p!4
 = 2 : (3)
The wavelength diagrams obtained by using Eq. (2) and Eq. (3) are presented in Figs. 3(a) and 3(b), re-
spectively. These results correspond to two Si-PNWs with  = 6mm, Pp = 200mW and dierent values of
the average waveguide width, w0. The diagrams presented in Fig. 3 provide clear evidence of the strong width
dependence of the two phase matching conditions. Moreover, it can be seen that, as expected, when ! is small
the two methods lead to very similar predictions. On the other hand, when ! increases, the dierence between
the results predicted by the two phase matching conditions becomes signicant, which means that more terms
must be retained in the series expansions of the wave vectors of the pulses. As a consequence, in this regime
of increased !, one must include additional dispersion terms in Eq. (1a) or even replace it altogether with a
system of coupled equations, each of them describing one of the co-propagating pulses.
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Figure 3. Phase matching diagrams showing the dependence of s and i on p. Dashed and solid lines correspond to the
signal and idler, respectively, whereas the blue and green lines correspond to w0 = 700 nm and w0 = 780 nm, respectively.
The diagrams in a) and b) were determined by using Eq. (2) and Eq. (3), respectively.
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:5. FWM PULSED INTERACTION IN UNIFORM AND BRAGG WAVEGUIDES
The most convenient way to analyze the eciency of the wavelength conversion and parametric amplica-
tion of pulses via QPM FWM in Bragg Si-PNWs is to determine the spectral content of the optical pulse, at
the phase-matched frequencies. More specically, we consider pulses whose initial temporal prole, u(0; t) =p
Pp

exp( t2=2T 20 ) +
p
% exp( t2=2T 20   i!t)

, is the superposition of a pump pulse and a weak signal whose
frequency is shifted by !. The parameter % = Ps=Pp is set to 10% and 1% in the cases of wavelength con-
version and parametric amplication, respectively, so that in the latter case the signal is too weak to aect the
pump and thus it acts as a probe. In this study we assume that the signal and the pump have the same width,
T0 = 500 fs, although our analysis can be easily extended to the more general case of pulses with dierent width.
The main characteristics of QPM FWM can be revealed by comparing the propagation of a pulse in a Si-
PNW with uniform cross-section with the evolution of the same pulse in a Bragg Si-PNW whose period is chosen
such that the phase-matching condition is satised. More specically, the width of the uniform Si-PNW was
w0 = 780 nm whereas in the case of the Bragg waveguide w0 = 780 nm, w = 30nm, and  = 6mm. In both
cases, Pp = 200mW, Ps = 20mW, p = 1711 nm, and s = 1573 nm, which means that if the FWM process is
phase-matched an idler pulse is expected to form at i = 1876 nm. The pulse propagates in the anomalous GVD
regime, both in the case of uniform and Bragg waveguides (for all widths), the linear and nonlinear waveguide
coecients being 2;p =  0:118 ps2m 1, 4;p =  1:42 10 7 ps4m 1, and 0 = 156:3W 1m 1.
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Figure 4. Top and bottom panels show the evolution of an optical pulse in a uniform and quasi-phase-matched Bragg
waveguide, respectively (see the text for the values of the pulse and waveguide parameters). Left, middle, and right panels
show the z-dependence of the temporal prole of the pulse, its spectrum, and the free-carrier density, respectively.
Figure 4 summarizes the main characteristics of the pulse propagation, namely the z-dependence of the
temporal prole of the pulse, its spectrum, and the dynamics of the FCs. The temporal evolution of the pulse
reveals two main phenomena. First, in both cases the pulse slowly moves towards its leading edge, an eect
explained by the fact that the pulse group-velocity is slightly larger than the group-velocity at the reference
pump frequency, !p. Second, and perhaps more interestingly, the pulse propagating in the Bragg waveguide
is periodically accelerated and slowed down, an eect illustrated by the undulating stripes seen in Fig. 4(d).
This eect is explained by the periodic variation along the waveguide of the width, which in turn amounts to a
periodic dependence on z of the pulse group-velocity. More relevant for the understanding of the properties of
pulsed FWM in Si-PNWs are the spectra shown in Figs. 4(b) and 4(e), which correspond to pulse propagation
in uniform and Bragg waveguides, respectively. These gures clearly illustrate the dierences between the pulse
dynamics in the two cases, the most important one being that a much more eective energy transfer from the
pump to the signal and idler is achieved in the case of QPM FWM. In particular, it can be seen that the growth
rate of the idler energy is much larger in the case of the Bragg waveguide as compared to the idler build up
rate in the waveguide with constant width. This important quantitative dierence is better illustrated in Fig. 5,
where we present the frequency proles of the pump, signal, and idler at a propagation distance z = 40mm,
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Figure 5. a) Input and output spectra (amplitude) of a pulse that propagates in a uniform and Bragg waveguide, computed
at z = 40mm. b) Intensity of the same pulse spectra, represented in a logarithmic scale. In case of the Bragg waveguide
(red curve) the idler is enhanced by more than 10 times as compared to the case of the uniform waveguide (blue curve).
for both the uniform and Bragg waveguides. Indeed, it can be seen in this gure that whereas in the case of a
uniform waveguide the idler peak power is rather negligible, in the case of the Bragg waveguide it builds up to a
level comparable to that of the signal. Moreover, a common characteristic of the pulse evolution is the gradual
decrease of its peak power, the signature of this phenomenon being present in the FC dynamics as well. Thus,
the z-variation of the FC density induced by a pulse propagating in the uniform and Bragg waveguides, plotted in
Figs. 4(c) and 4(f), respectively, shows an overall decreasing trend. In the case of the Bragg waveguide, however,
one can also observe a series of oscillations with respect to the propagation distance, z, which are due to the
periodic variation with z of the linear and nonlinear waveguide parameters.24
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Figure 6. a), b) FWM gain vs. propagation distance, z, calculated in the regime of strong (telecom band) and weak
(mid-IR spectral region) TPA, respectively (see the text for the waveguide and pulse parameters). c), d) Enhancement
of FWM gain in Bragg waveguides as compared to uniform ones, determined in the regime of strong and weak TPA,
respectively. The simulation parameters in c) and d) are the same with those in a) and b), respectively.
According to the plots in Fig. 5, the idler power is enhanced when the pulse propagates in the Bragg waveguide.
However, in the FWM process, for every photon created at the idler frequency there is another photon generated
at the frequency of the signal, so that one expects to observe an increased amplication of the signal as well.
This FWM gain is strongly dependent on the operating wavelength because the waveguide nonlinearity, the main
physical quantity that denes the strength of the FWM process, shows large frequency dispersion. In order to
illustrate these ideas, we determined the QPM FWM gain in two dierent cases. In the rst case we considered the
same pair of waveguides and pulse parameters used to obtain the results presented in Fig. 4 and Fig. 5. The second
propagation scenario corresponds to uniform and Bragg waveguides with w0 = 700 nm, w = 30nm,  = 6mm,
and co-propagating pulses with p = 2070 nm, s = 2204 nm, i = 1952 nm, Pp = 200mW, and Ps = 2mW.
The dispersive coecients in this case are 2;p =  0:415 ps2m 1 and 4;p = 2:24 10 4 ps4m 1, whereas the
SPM coecient is 0 = 111:7W 1m 1. The main dierence between the two pulse propagation regimes consists
in the level of nonlinear loss experienced by the signal component of the pulse, namely 00 = 54:15W 1m 1
at s = 1573 nm as compared to 
00 = 0:418W 1m 1 at s = 2204 nm. This dierence is clearly reected by
the z-dependence of the signal energy, as per Fig. 6. To be more specic, in the case of large TPA the signal
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Figure 7. Conversion eciency determined for dierent width-modulation amplitude, corresponding to a) s = 1573 nm
and w0 = 780 nm (strong TPA) and b) s = 2204 nm and w0 = 700 nm (weak TPA).
energy decreases with the propagation distance [see Fig. 6(a)], whereas in the case when the nonlinear losses are
weak net gain is achieved [see Fig. 6(b)]. Note, however, that in both cases the gain is larger when the pulse
interaction is phase-matched and increases with the waveguide modulation amplitude, w [see also Figs. 6(c)
and 6(d)]. This dependence is explained by the fact that the nonlinear coupling between the interacting pulses,
and consequently the eciency of the FWM process, increases with w.
In many practical applications the main physical quantity of interest is the conversion eciency of FWM and
not the gain. Thus, the optical nonlinearity that mediates the FWM interaction leads essentially to instantaneous
optical response of the medium and therefore the generated idler exactly maps the optical signal. This simple
interaction mechanism allows one to convert optical signals from the signal to the idler frequencies. In order to
quantify the CE of QPM FWM, we have calculated the ratio  = 10 log[Ei(z)=Es(0)], where Ei(z) and Es(0)
are the z-dependent idler energy and the input signal energy, respectively. The results of these calculations are
presented in Figs. 7(a) and 7(b) and correspond, respectively, to the strong and weak TPA regimes discussed
above. These gures suggest that, in contrast to the case of the FWM optical gain, larger CE can be achieved in
the strong TPA regime. The reason for this counterintuitive result is that the peak power of the idler is relatively
small and therefore it is signicantly less aected by a nonlinear eect, namely the TPA. In addition, in the
regime of strong TPA, the SPM coecient, 0, is large as well, so that the strength of the FWM is enhanced.
On the other hand, similarly to the optical gain, the CE is signicantly enhanced in Bragg (phase-matched)
waveguides as compared to the uniform ones, and this enhancement increases with w. In particular, as per
Fig. 7(a), more than 20 dB increase in the CE can be achieved by employing a Bragg waveguide.
6. CONCLUSIONS
In conclusion, we demonstrated that ecient FWM can be achieved in Bragg silicon waveguides with period
of a few millimeters. Our study showed that the conversion eciency and FWM gain in quasi-phase-matched
waveguides increases considerably as compared to the case of uniform waveguides, which proves the practical
relevance of the QPM technique. Moreover, our analysis revealed that nonlinear optical losses aect the FWM
gain and conversion eciency in markedly dierent ways, namely whereas larger gain can be achieved in the weak
TPA regime, the conversion eciency is larger in the case of strong TPA. Finally, we investigated the dependence
of the eciency of the FWM process on the waveguide and pulse parameters, the main conclusion being that
the larger the amplitude of the waveguide width modulation the more eective is the FWM interaction.
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